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Poincaré-Lelong and Green currents

Non-archimedean Green currents: why?

Proposition (Poincaré-Lelong).

Let X be a complex manifold, L a hermitian line bundle on X and s a
regular meromorphic section of L. Then

Ad°[=log [|s]I7] + baiv s = er(D)]:

» Equality between currents, ie linear functionals A(X) — C, with
A(X) the space of differential forms. Currents generalize distribu-
tions in higher dimension.

» If 7 C X is a submanifold, define dy7(c) := [, a. We extend the
definition by linearity:.

» If w is a differential form, define [w](a) = [y w A a.
» The differential operator dd® is defined on currents by duality.

Definition. Let Z be a cycle on X. A Green current for 7 is a current
g such that there exists a differential form w satistying

dd®g + 0y = [w]

Green currents are of uttermost importance in the construction of arith-
metic Chow groups [4]

Levine formula

Let X and L as above, 7 > 1, and sq, ..., S, sections of L. Assume that
the sections form a regular sequence. Then 7 = {s1 = -+ = s, = 0}
is a closed subset of pure codimension r. Denote 7 = log(>_} ”%”2)7

w=ci(L), and wy = w + dd°T.
Theorem (Levine [6, 5])

r—1

Let A:—T/\Zwr_l_k/\w(]f,
k=0

then dd°[A] + 67 = [W'].

Our results

Theorem ([3])

Let X a smooth K-variety, L a line bundle on X, s1,...,s, a regular sequence of sections of L. Let

» Arithmetic Chow groups mix algebraic objects at finite places (in-
tersection on schemes) and analytic objects at infinite places (Green
currents): asymmetry.

» Similar in nature to the product formula: if f = Hp p''r e QF,

log [ /] = =0 e [/[]]1/, =1
p

p
The pink term is analytic, while come from algebra.
But they have a non-archimedean analytic interpratation !

Question. Can we look at the objects involved in arithmetic intersection
theory in a more unified way by constructing non-archimedean Green
currents 7

Bloch—Gillet—Soulé formalism

Let R a discrete valuation ring, K = Frac R and X a smooth K-variety.

» A model of X is a regular proper flat R-scheme X, whose generic
fiber if isomorphic to X.

Bloch, Gillet and Soulé [1] propose definitions of forms and currents on

X, by doing constructions from intersection theory on the special fibers
of all models of X.

» For example, a closed differential form in A* ’k(X ) is defined to be an
element of colim CHF (%), the colimit ranging over all models, with
respect to pullback maps.

» For 7/ C X, the current of integration 0, is the collection of the
closures of Z in the models.

» The analogue in this setup of — log || s||? is a current denoted divy(s).
On a model X it is given by the vertical part of the divisor of s on X.

They also define notions of metrics and Chern forms, and they prove a
counterpart of the Poincaré-Lelong equation when L = Ox.
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