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Abstract

We extend on the work of Bloch, Gillet, Soulé on non-archimedean

Arakelov geometry, by proving in this context explicit formulas for Green

currents, which are analogs of known formulas in complex geometry. More

speci�cally, we prove an analog of the Poincaré-Lelong formula, as well

as an equivalent of a formula by Bost, Gillet, Soulé, which expresses a

Green current for the zero-locus of a regular section of a vector bundle.

As corollaries, we also obtain non-archimedean counterparts of Levine

formula and Martinelli formula.

Introduction

In this article, we work within the framework of non-archimedean Arakelov
geometry, as developed by Bloch, Gillet, and Soulé (1995). The purpose of this
paper is to study some analogs of formulas for Green currents from complex
geometry. In order to de�ne satisfactory counterparts of the objects under
consideration, we also introduce, along the way, new constructions of currents
within this non-archimedean framework.

Green currents have become important objects in Arakelov geometry since
their use by Gillet and Soulé (1990a) to construct arithmetic intersection rings,
generalizing Arakelov's work on arithmetic surfaces (Arakelov 1976). A Green
current for a cycle Z on a complex variety X is a current g that satis�es a
di�erential equation of the form ddcg + δZ = [ωZ ], where δZ is the current of
integration over the cycle, and ωZ is a smooth di�erential form representing the
cohomology class of Z.

Their existence is guaranteed by means of Hodge theory, and despite their
signi�cance, few explicit examples are known. The simplest instance of a Green
current is given by the Poincaré-Lelong formula in the case of divisors:

Proposition 0.1 (Poincaré-Lelong). Let X be a complex analytic variety, (L, ∥ · ∥)
a metrized line bundle on X and s a meromorphic regular section of L on X.
Then

ddc[− log ∥s∥2] + δdiv s = [c1(L)].
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Another explicit and important example in higher codimension is given by
a result from Bost, Gillet, and Soulé (1994), as follows.

Let X be a complex manifold, (F, ∥ · ∥) a metrized vector bundle of rank r
and σ a global section of F which is regular, that is, σ is locally given by a regular
sequence of functions. Denote by π : X̃ → X the blow-up of X along the closed
subset Z = {σ = 0}, then there is a canonical closed immersion f : X̃ ↪→ P(F ),
where P(F ) = Proj(SymF∨) is the projective bundle of lines in F . Finally,
denote by QF the canonical quotient bundle on P(F ), and using the results
of Bott and Chern (1965, proposition 4.2), choose η a smooth (r − 1, r − 1)
di�erential form on P(F ) satisfying

cr(p
∗F )− c1(OF (−1)) ∧ cr−1(QF ) = ddcη.

Theorem 0.2 (Bost et al. 1994, �1.2.3). In the above situation, let

Λ = π∗

[
−π∗ log ∥σ∥2 ∧ f∗cr−1(QF ) + f∗η

]
.

Then
ddcΛ + δZ = [cr(F )],

that is, Λ is a Green current for Z.

Note that if F is actually a line bundle, then we recover the Poincaré-Lelong
formula.

One feature of Arakelov geometry is the striking asymmetry between �nite
places, where the considerations are algebraic, and in�nite places, where the
objects involved are the aforementioned Green currents, which are intrinsically
objects of analytic nature. In view of reducing this asymmetry, Bloch et al.
(1995) proposed a non-archimedean version of Arakelov theory. After having
�xed an excellent discrete valuation ring R with fraction �eld K, and a smooth
projective varietyX overK, they use bivariant intersection theory on all (regular
proper �at) R-models of X to de�ne notions of di�erential forms, currents,
metrized line bundles and Green currents on X.

They give an explicit example of Green current by proving a Poincaré-Lelong
formula in the case L = OX : in this formula, the analog of − log |f |2 is a current,
denoted by divv(f), which is given on a model X of X by the vertical part of
the divisor of f on X.

In this paper, we extend on this work by proving the general form of the
Poincaré-Lelong formula, as well as an analog in this setup of Bost-Gillet-Soulé
formula. Our main result is the following non-archimedean version of theo-
rem 0.2:

Theorem A (theorem 4.1 below). Let X be a proper smooth variety over K, F
a metrized vector bundle of rank r and σ a regular global section of F . Denote
by π : X̃ → X the blow-up of X along the closed subset Z = {σ = 0}, and by f
the canonical closed immersion f : X̃ ↪→ P(F ). Finally let QF be the canonical
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quotient bundle on P(F ) with quotient metric, E the exceptional divisor of X̃,
s the canonical section of OX̃(E), and

Λ = π∗
(
divv(s) ∧ f∗cr−1(QF )

)
.

Then
ddcΛ + δZ = [cr(F )],

that is, Λ is a Green current for Z.

Let us draw attention to two di�erences with the original statement. First,
the non-archimedean formula doesn't have the extra term f∗η coming from Bott-
Chern theory. This is because non-archimedean Chern forms, as constructed by
Bloch et al. (1995), are multiplicative on exact sequences, contrary to the Chern
forms appearing in complex geometry. The authors interpret this fact by a �lack
of exactness at in�nity�.

The second di�erence between the complex statement and the non-archimedean
one is the appearance of the term divv(s) in the latter, in place of −π∗ log ∥σ∥2.
In fact, in the setup of Bloch et al. (1995), we have no notion of di�erential form
on a proper open subset at our disposal, so given a section σ of a vector bundle F ,
we cannot de�ne a di�erential form that would be the analog of − log ∥σ∥2. In-
deed the right analog is a current, which we describe in section 5, and which will
be denoted by divv(σ). However we cannot state theorem 0.2 using divv(σ), as
we cannot multiply two currents.

To solve this, we note that in the complex setup, we have π∗σ = s, so that

− log ∥s∥2 = −π∗ log ∥σ∥2 , (1)

where s is the canonical section of the line bundle OX̃(E). This allows us to
state theorem A using this section s.

In complex geometry, a special case of theorem 0.2 had previously been
shown by Gri�ths and King (1973) when the vector bundle and the metric split
as F = L⊕ · · · ⊕ L, with L a metrized line bundle:

Theorem 0.3 (Gri�ths & King 1973, proposition 1.15). Let X be a com-
plex analytic variety, (L, ∥ · ∥) a metrized line bundle on X, r ≥ 2 an integer
and s0, . . . , sr−1 global sections of L. Assume that the closed set Z de�ned
by Z = {s0 = · · · = sr−1 = 0} has pure codimension r, and let ω = c1(L),
ω0 = ω + ddc log

(∑
k ∥sk∥

2) and
Λ = − log

(∑
k

∥sk∥2
)
∧
r−1∑
k=0

ωr−1−k ∧ ωk0 .

Then
ddc[Λ] + δZ = [ωr],

that is, [Λ] is a Green current for Z.

3



This theorem is itself a generalization of previous results. In the case where
X = Pn, L = O(1) and sk = Xk the result was previously known under the name
of Levine formula (Levine 1960, see also Gillet & Soulé 1990b, proposition 5.1).
This name is nowadays also used to refer to theorem 0.3.

In the case where L = OX , the de�nition of Λ simpli�es to

Λ = − log ∥f∥2 (ddc log ∥f∥2)p−1

and the resulting theorem was also previously known under the name of Mar-
tinelli formula (Martinelli 1938, see also Gri�ths & King 1973, proposition 1.10).

We prove in theorem 6.1 a non-archimedean analog of theorem 0.3, as well
as of the two aforementioned corollaries. Since the di�erential form ω0 in the
complex theorem is de�ned only on U = X \ Z, we must once again slightly

rephrase the statement to instead involve currents and the blow-up X̃, just as
we did with Bost-Gillet-Soulé formula.

This paper is organized as follows. In the �rst part, we recall the objects
and de�nitions involved in the work of Bloch et al. (1995), and we prove several
compatibility lemmas between these objects, including a projection formula in
proposition 1.3. In the second part we discuss metrics on vector bundles and
Chern forms, and we generalize in proposition 2.6 the Poincaré-Lelong equation
from Bloch et al. (1995).

In a third section, we present two new constructions of currents. The �rst one
explains how to construct the in�mum of two currents in D̃0,0(X). This will later
be used to de�ne the current inf(divv(sk)), which we see as the non-archimedean

equivalent of − log
∑

∥sk∥2. The second one is a gluing construction, allowing
us to recover a full current from local data.

In section 4, we state and prove theorem A. Then in section 5, we spend
some time de�ning a current divv(σ), thought of as the analog of [− log ∥σ∥2],
using the constructions of section 3. We show in proposition 5.3 that

π∗ divv(s) = divv(σ),

justifying our de�nition in view of (1).
Finally, in the sixth section we focus on the special case F = L⊕ · · · ⊕ L to

state and prove a non-archimedean counterpart of theorem 0.3. This result then
implies analogs for both the classical Levine formula and Martinelli formula.

Acknowledgments. I would like to warmly thank my advisor Antoine Chambert-
Loir for his very valuable advice and his careful proofreading of this paper.

1 Non-archimedean Arakelov theory à la Bloch-

Gillet-Soulé

In this section we mainly recall the de�nitions and objects introduced in Bloch
et al. (1995). We �x an excellent discrete valuation ring R over which to work,
with fraction �eld K and residue �eld κ.

4



1.1 Models

Given X a proper smooth variety over K, a model X of X is a regular proper
�at scheme over R together with an isomorphism XK ≃ X between the generic
�ber of X and X. A map of models between X′ and X is a map of R-schemes
π : X′ → X which preserves the generic �ber. Given a model X of X, we write X0

for its special �ber, and if π : X′ → X, we will write π0 for the induced map
between special �bers.

We shall make the following hypothesis : every proper smooth variety X
overK admits a model, and given two models X and X′ of X, there exists a third
model X′′ and maps of models X′′ → X and X′′ → X′. This is slightly weaker
than hypotheses (M1) and (M2) made in Bloch et al. (1995), and it is ful�lled
assuming resolution of singularities for excellent schemes over R. In particular,
this hypothesis is satis�ed when X is a curve, or in equal characteristic zero.

Note that the hypothesis implies that the set of models above a given model X
is co�nal.

1.2 Bivariant classes

Bloch et al. (1995) use bivariant intersection theory on all models of X, as well
as on the special �bers of these models, to construct non-archimedean analogs
of di�erential forms and currents on X.

Note that even though these models are not schemes over a �eld, the con-
structions and results of intersection theory apply to them (Fulton 1998, �20.1).
In this paper, we will however use an absolute notion of dimension, in accor-
dance with Bloch et al. (1995). We denote by Zk( · ) and CHk( · ) the group
of k-cycles and the corresponding Chow group, respectively.

Let Y and Z be either varieties over a �eld, or �nite-type separated R-
schemes, and let f : Y → Z be a map between them. Recall that a bivariant class
in CHl(f) is the data, for all g : Z ′ → Z, of maps CHk(Z

′) → CHk−l(Y ×Z Z ′),
satisfying certain axioms, for the details of which see Fulton (1998, chapter 17).
We will refer to these axioms using the numbering system employed in this
chapter, of the form (C1) or (A23).

We write CH•(Y ) instead of CH•(IdY : Y → Y ), it has a ring structure given
by composition. We also denote by EY the evaluation map CH•(Y ) → CH•(Y )
given by c 7→ c(IdY , [Y ]).

If X is a model of a smooth proper variety X over K, then the map EX is
an isomorphism: we say that there is Poincaré duality on X. The regularity
of X also implies that the bivariant Chow group CH•(X) is commutative (for
both claims, see Bloch et al. (1995, �1.2) and Kleiman and Thorup (1987, �3)).
However neither of these two facts is true in general for the special �ber X0, as
it may fail to be regular.

1.3 Maps between Chow groups

Given f : Y → Z as above, we can construct several operations on Chow rings:

5



� Without additional hypotheses on f , a pullback map f∗ : CH•(Z) → CH•(Y )
is de�ned (Fulton 1998, �17.2).

� If f is a proper morphism, we can de�ne the usual pushforward of cycles
f∗ : CH•(Y ) → CH•(Z).

� If f is a lci morphism, then a map f ! : CH•(Z) → CH•(Y ) is de�ned
(Fulton 1998, �6.6). Note that this map de�nes a bivariant class, which
we denote by [f ] ∈ CH•(f). It satis�es [f ]([Z]) = [Y ] (see Fulton 1998,
�17.4).

� Under the two previous hypotheses, we can de�ne f! : CH
•(Y ) → CH•(Z)

by (f!c) : α 7→ f∗(c · [f ](α)).

If X ′ → X is a morphism of proper smooth K-varieties, X a model of X and
g : X′ → X a model of X ′ over X, then g and g0 : X

′
0 → X0 satis�es the two above

conditions (Bloch et al. 1995, �1.6). Therefore the four above constructions are
well-de�ned for both g and g0.

1.4 Bloch-Gillet-Soulé theory

Let X be a proper smooth variety over K of dimension n. Bloch et al. (1995)
propose the following de�nitions:

The closed forms of type (k, k) on X:

Ak,kc (X) = colimCHk(X0)

where the colimit ranges over all models ofX, with respect to the maps π∗
0 .

The forms of type (k, k) modulo the image of ∂ and ∂:

Ãk,k(X) = colimCHn−k(X0)

where the colimit ranges over all models ofX, with respect to the maps π!
0.

The closed currents of type (k, k):

Dk,k
c (X) = limCHk(X0)

where the limit ranges over all models of X, with respect to the maps π0!.

The currents of type (k, k) modulo the image of ∂ and ∂:

D̃k,k(X) = limCHn−k(X0)

where the limit ranges over all models of X, with respect to the maps π0∗.

If T is a current in Dc(X) or in D̃(X), we will usually denote by TX its
component on a model X.

We have the following examples and constructions of forms and currents :
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Inclusion maps [ · ] : Ac(X) → Dc(X) and Ã(X) → D̃(X): they are de�ned in

a way such that if ω ∈ Ac(X) (resp. Ã(X)) is represented on a model X
by ωX, then for every model π : X′ → X above X, we have [ω]X′ = π∗

0(ωX)
(resp. π!

0(ωX)).

Products: if ω ∈ Ac(X) and η is in one of the four groups, we can de�ne a
product ω ∧ η, of the same nature as η. If η ∈ Ac or Dc, ω ∧ η is repre-
sented by the product of the corresponding bivariant classes, otherwise it
is represented by evaluating the classes de�ning ω at the cycles de�ning η.

Current of integration: given Z ⊆ X a closed subvariety of codimension k, the
current of integration over Z is the element δZ ∈ Dk,k

c de�ned by

(δZ)X = i∗E−1
X Z

X

where Z
X
is the closure of Z in X and i is the inclusion X0 ↪→ X.

We also have analogs of these classical constructions:

Di�erentiation maps ddc : Ãk,k(X) → Ak+1,k+1
c (X) and D̃k,k(X) → Dk+1,k+1

c (X):
they are given on a model X by the composition i∗ ◦ E−1

X ◦ i∗, where i is
the inclusion of the special �ber of X0.

Pullback of forms: given f : Y → X a map of varieties over K, let X be a model
of X and g : Y → X a model of Y over X. If ω ∈ Ak,kc (X) (resp. Ãk,k(X))

is represented on X by ωX, we de�ne f∗ω ∈ Ak,kc (Y ) (resp. Ãk,k(Y ))
represented on Y by g∗0(ωX) (resp. g

!
0(ωX)).

Pushforward of currents: in the same setup, given T a current on Y , we de�ne
a current f∗T on X by pushing forward the components of T using g0∗
or g0! respectively.

We end this section by proving the projection formula, which is stated in
Bloch et al. (1995, proposition 1.6.2) but whose proof was omitted, as well as a
few compatibility lemmas.

Lemma 1.1. Let g : Y → X be a proper map between R-schemes such that g!
is well-de�ned. As above, denote by EX the evaluation map CH•(X) → CH•(X)
given by c 7→ c(IdX, [X]), and similarly for EY. Let also i and j be the inclusions
X0 ↪→ X and Y0 ↪→ Y, respectively. Then the two following diagrams are
commutative squares:

CH•(Y) CH•(X)

CH•(Y0) CH•(X0)

g!

j∗ i∗

g0!

and

CH•(Y) CH•(X)

CH•(Y) CH•(X)

g!

EY EX

g∗
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Proof. Let c ∈ CH•(Y). For the �rst diagram:

g0!j
∗(c) = g0∗(j

∗c · [g0])
= g0∗(j

∗c · i∗[g]) (Bloch et al. 1995, �1.3)

= g0∗i
∗(c · [g]) (Fulton 1998, (A13) p. 323)

= i∗g∗(c · [g]) (Fulton 1998, (A23))

= i∗g!(c).

For the second diagram,

EX(g!c) = g!(c)([X]) = g∗
(
c([g][X])

)
= g∗

(
c([Y])

)
= g∗(EY(c))

which ends the proof.

Lemma 1.2. Let g : Y → X as above, and let c ∈ CH•(X) and d ∈ CH•(Y).
Then

g!(g
∗c · d) = c · g!(d)

Proof. Indeed using the de�nition of g! and Fulton (1998, (A123) p. 323), we
have:

g!(g
∗c · d) = g∗(g

∗c · d · [g]) = c · g∗(d · [g]) = c · g!(d).

Proposition 1.3 (Projection formula). Let f : Y → X be a morphism between
proper smooth K-schemes, ω ∈ Ac(X) and T ∈ D̃(Y ) (resp. Dc(Y )). Then

f∗(f
∗(ω) ∧ T ) = ω ∧ f∗(T ).

Proof. Let X be a model of X on which ω is represented by a class c ∈ CH•(X0),
we only have to prove the equality of currents for models above X. Let X′ → X
be such a model, and let Y′ → Y be models of Y over X′ and X respectively, so
that we have the following commutative diagram:

Y′ Y

X′ X

π′

g′ g

π

Let us �rst do the case where T ∈ D̃(Y ), with TY′ ∈ CH•(Y
′
0).(

f∗ (f
∗ω ∧ T )

)
X′ = g′0∗

(
(π′∗

0 g
∗
0c)(Id, TY′)

)
= g′0∗

(
(g′∗0 π

∗
0c)(Id, TY′)

)
as g0 ◦ π′

0 = π0 ◦ g′0
= g′0∗

(
(π∗

0c)(g
′
0, TY′)

)
(Fulton 1998, (P3) p. 322)

= (π∗
0c)(Id, g

′
0∗TY′) (Fulton 1998, (C1) p. 320)

=
(
ω ∧ f∗T

)
X′
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Next, if T ∈ Dc(Y ), with TY′ ∈ CH•(Y′
0), then:(

f∗ (f
∗ω ∧ T )

)
X′ = g′0!

(
π′∗
0 g

∗
0c · TY′

)
= g′0!

(
g′∗0 π

∗
0c · TY′

)
as g0 ◦ π′

0 = π0 ◦ g′0
= π∗

0c · g′0!TY′ by lemma 1.2

=
(
ω ∧ f∗T

)
X′

The set of models X′ above X being co�nal, this proves the desired result.

Lemma 1.4. Let f : Y → X be a morphism between smooth proper varieties
over K, and T ∈ D̃(Y ). Then f∗(ddcT ) = ddc(f∗T ).

Proof. Let X be a model of X, g : Y → X a model of Y over X. We denote i
and j the inclusions X0 ↪→ X and Y0 ↪→ Y respectively. Then(

f∗(dd
cT )
)
X
= g0!j

∗E−1
Y j∗TY

= i∗g!E
−1
Y j∗TY by the �rst diagram in lemma 1.1

= i∗E−1
X g∗j∗TY by the second diagram in the same lemma

= i∗E−1
X i∗g0∗TY as i ◦ g = g0 ◦ j

=
(
ddcf∗T

)
X

as was to be shown.

Lemma 1.5. Let ω, η ∈ Ac(X). Then [ω ∧ η] = ω ∧ [η].

Proof. Let X be a model of X on which both ω and η admit representative c
and d in CH•(X0), such model exists by the hypothesis made in section 1.1. It
is enough to show the equality on models of the form π : X′ → X, and for such
models we have(

ω ∧ [η]
)
X′ = π∗

0(c) · π∗
0(d)

= π∗
0(c · d) (Fulton 1998, (A13) p. 323)

=
(
[ω ∧ η]

)
X′

This concludes the proof.

2 Metrics, Chern forms and the Poincaré-Lelong

formula

In this section, we recall and emphasize the discussion of Bloch et al. (1995) on
metrics on vector bundles. We then recall the non-archimedean equivalent of
the function − log ∥s∥2, where s is a non-zero section of a given line bundle, and
we prove in this setup an analog of the Poincaré-Lelong formula.
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2.1 Metrics and Chern forms

De�nition 2.1 (Bloch et al. 1995, 1.9.1). Let F be a vector bundle on a proper
smooth K-variety X. A metric on F is a model F of F on limX, where the
limit ranges over all models of X. In other words, a metric is the choice of a
model X and a vector bundle FX on X with an isomorphism from the generic
�ber of FX to F ; and two such choices FX and FX′ de�ne the same metric
if for any X′′ mapping to both X and X′, we have an isomorphism of models
between the respective pullbacks.

If a metric F admits a representative FX on a model X, we will say that
the model is compatible with the metric. Note that the set of models compatible
with a given metric is co�nal.

De�nition 2.2. Given F a vector bundle on X, F a metric on F and an
integer k ≥ 0, we de�ne the k-th Chern form ck(F ) ∈ Ak,kc (X) by setting

(ck(F ))X = i∗(ck(FX) ∩_)

on compatible models, where i is the inclusion X0 ↪→ X.

Let
0 → E → F → Q→ 0

be an exact sequence of vector bundles on X, and let F be a metric on F . We
will de�ne induced and quotient metric, following Bloch et al. (1995, 1.9.7).

Let X be a model of X compatible with F . By the �attening theorems
of Raynaud and Gruson (1971, theorem 5.2.2), there exists a model X′ → X
above X, such that if we write j the inclusion X → X′, then the image of FX′

into j∗Q is locally free. Denote by QX′ this image, and let EX′ be the kernel
of FX′ → QX′ , it is also locally free.

The vector bundle QX′ on X′ de�nes a metric on Q, and one can see that this
metric is independent of the choices of X′ and X. Indeed, this follows readily
from the hypothesis made in 1.1, and the de�nition of F being a metric.

De�nition 2.3. The above metric on Q, de�ned on the model X′ by QX′ , is
called the quotient metric on Q. We de�ne similarly the induced metric on E
using the vector bundle EX′ .

Lemma 2.4. Let
0 → E → F → Q→ 0

an exact sequence of vector bundles. Endow F with a metric, and endow E
and Q with the induced metric and the quotient metric respectively. Then for
all k ≥ 0, we have the following equality in Ak,kc (X):

ck(F ) =

k∑
i=0

ci(E) ∧ ck−i(Q).
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Proof. Let X be a model of X compatible with all three metrics, and i : X0 ↪→ X
the inclusion of the special �ber. By de�nition of the induced and quotient
metric, we have an exact sequence

0 → EX → FX → QX → 0

and the Chern forms ck(F ) (resp. E, resp. Q) are represented by the Chern
classes ck(i

∗FX) ∩ _ (resp. EX, resp. QX) which are elements of the Chow
group CHk(X0). But these do satisfy c•(i

∗FX) = c•(i
∗EX) c•(i

∗QX) (Fulton
1998, theorem 2.3), from which the lemma follows.

2.2 Divisors and the Poincaré-Lelong formula

De�nition 2.5 (Compare Bloch et al. 1995, �3.1). Let X be a proper smooth
variety over K, of dimension n. Let L be a line bundle on X, L a metric on
L and s a regular section of L on X. Given X a model of X compatible with
the metric, we let s̃ be the extension of s to a (possibly meromorphic) section
of LX, and we write

(div s)X =
∑
V

nV [V ] ∈ Zn(X)

for the divisor of s̃. We also write

(divv s)X =
∑
V⊆X0

nV [V ] ∈ Zn(X0)

for its vertical part, that is, the part supported on X0.

In other words, we have i∗(divv s)X = (div s)X − div s
X
. Here · X means

the closure in X of the corresponding cycle. The collection ((divv s)X) de�nes a

current, which we denote by divv(s) ∈ D̃0,0(X).

Caution. The current divv(s) de�ned here is the opposite of the current divν(s)
de�ned in Bloch et al. (1995)! We chose this convention here for the two fol-
lowing reasons: �rst, with this de�nition (divv s)X is exactly the vertical part of
the divisor of s on X, as notation suggests. Second, the current divv(s) is then

the analog in this setting of the current [− log ∥s∥2] that appears in complex
analysis, and the latter is arguably of greater signi�cance than its opposite.

In Bloch et al. (1995, �3.1), the Poincaré-Lelong formula is proven for a
non-zero rational function. We prove here the global version.

Proposition 2.6 (Poincaré-Lelong formula). Let X be proper smooth, L a line
bundle on X, L a metric on L and s a regular section of L. Then we have an
equality of currents in D1,1

c (X):

ddc divv(s) + δdiv s = [c1(L)].
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Proof. It is enough to prove the equality of models of X that are compatible
with the metric: let X be such a model. By de�nition we have(

ddc divv(s) + δdiv s
)
X
= i∗E−1

X i∗(divv s)X + i∗E−1
X div s

X

= i∗E−1
X

(
(div s)X − div s

X
+ div s

X)
= i∗E−1

X (div s)X

and

[c1(L)]X = i∗(c1(LX) ∩_).

Therefore it is enough to show that

E−1
X (div s)X = c1(LX) ∩_ ie c1(LX) ∩ [X] = (div s)X

which is in turn true by de�nition of the operator c1(LX) (Fulton 1998, �2.5).

Remark. Let p be a uniformizer of the discrete valuation ring R, and let X,
L, s and L be as above. Then s/p is another regular section of L which de�nes
the same cycle on X, as p is invertible in K. Furthermore, note that even
though the currents divv(s) and divv(s/p) are not equal, their derivatives are,
as i∗ divv(p) = (div p)X = 0 in CH•(X). Therefore, by multiplying the section s
by an appropriate power of p, we can assume that the extension of s on a
compatible model X is a global section of LX, and not just a meromorphic one.

This was not used in the proof above, but we will use this idea later when
dealing with regular sections of vector bundles on X.

3 Constructions of currents

We present in this section two di�erent constructions of currents in D̃0,0.
First, we explain how, given two currents S and T in D̃0,0(X), we can

construct a new (0, 0)-current inf(S, T ). This construction is motivated by the

need to de�ne analogs of functions of the form −
∑

log ∥fi∥2, where the fi's
are functions on a complex manifold, or sections of a line bundle. Our general
intuition on non-archimedean geometry tells us that the sum should be somehow
replaced by a maximum; due to presence of the minus sign, this translates to a
minimum in our setup.

Secondly, we present some kind of gluing construction, and we explain how
given an open covering of a model of X, and cycles on these open sets that are
compatible between them and with respect to pushforward, we can put them
together to form a current in D̃0,0(X).

Both of these constructions are not necessary for the statement and proof
of theorem A, however they will be used in section 5 to construct an explicit
analog of the current [− log ∥σ∥2] appearing in theorem 0.2, where σ is a section
of a vector bundle.

12



3.1 In�mum of two (0, 0)-currents

Let X be a model of X. There is a natural order on Zk(X0), the set of k-cycles
on X0, given by

∑
nV [V ] ≥ 0 if and only if for all V , nV ≥ 0. With respect

to this order, the in�mum of two cycles Z =
∑
V nV [V ] and Z ′ =

∑
V n

′
V [V ]

exists, as it is given by

inf(Z,Z ′) =
∑
V

min(nV , n
′
V )[V ] ∈ Zk(X0).

Proposition 3.1. Let π : X′ → X between models of X. Let α and β be cycles
in Zn(X′

0), where n is the dimension of X. Then

π0∗ inf(α, β) = inf(π0∗α, π0∗β).

Before the proof, we �rst need the classical lemma:

Lemma 3.2. Let π : Y → X be birational and proper between integral and
regular R-schemes, and V a codimension 1 closed integral subscheme of X. Then
there exists a unique codimension 1 closed integral subscheme W of Y such that
π(W ) = V , and such that W satis�es [k(W ) : k(V )] = 1.

Proof (lemma). Denote by U the biggest open subset of X such that the restric-
tion π : π−1(U) → U is an isomorphism. Since π is proper and birational, and X
is regular, the complement of U has codimension at least 2 (Stacks, Tag 0BFP).
Now if V is a codimension 1 closed irreducible subscheme of X, then its generic
point ηV is in U . Since π is an isomorphism over U , the closure of the inverse
image of ηV is the unique codimension 1 closed integral subscheme W above V ,
and the equality [k(W ) : k(V )] = 1 follows since π induces an isomorphism of
function �elds.

Proof (proposition). Let π : X′ → X, denote by i′ and i the inclusions of the
respective special �bers. Since i∗ is injective at the level of cycles, it is enough
to prove

i∗π0∗ inf(α, β) = i∗ inf(π0∗α, π0∗β),

ie π∗ inf(i
′
∗α, i

′
∗β) = inf(π∗i

′
∗α, π∗i

′
∗β).

Write π∗i
′
∗α =

∑
V aV [V ] and similarly for β. For all such V , denote by WV

the codimension 1 subscheme of X′ such that π(WV ) = V and [k(WV ) : k(V )] = 1.
Then i′∗α is of the form

i′∗α =
∑
V

aV [WV ] +
∑
Z

a′Z [Z]

where the second sum is over varieties Z such that dimπ(Z) < dimZ, and we
have a similar decomposition for i′∗β.
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Then

π∗ inf(i
′
∗α, i

′
∗β) =

∑
V

min(aV , bV )π∗[WV ] +
∑
Z

min(a′Z , b
′
Z)π∗[Z]

=
∑
V

min(aV , bV )[V ]

= inf(π∗i
′
∗α, π∗i

′
∗β)

which concludes the proof.

De�nition 3.3. Denote by n the dimension of X, and let S and T be currents
in D̃0,0(X) = limCHn(X0). As dimX0 = n, the quotient map Zn(X0) → CHn(X0)
is an isomorphism, therefore using proposition 3.1 we can de�ne a new current
inf(S, T ) in D̃0,0(X) by setting inf(S, T )X = inf(SX, TX).

Remark. The statement of proposition 3.1 and therefore the construction of
de�nition 3.3 fail if the currents are of higher degree. For a counter-example,
take X = P1

K , thus n = 1. Let X = P1
R, choose x a closed point in the special

�ber of X, and let X′ be the blow-up of X at x. Choose a and b two distinct
closed points in the exceptional divisor, let α = [a] and β = [b], they are 0-cycles.

And

π0∗ inf(α, β) = π0∗(0) = 0

but inf(π0∗α, π0∗β) = inf([x], [x]) = [x].

Remark. A similar construction and proof allow us to de�ne the supremum of
two currents in D̃0,0(X). More generally, the proof of proposition 3.1 shows
that we could de�ne the in�mum of any non-empty, bounded-below subset
of D̃0,0(X), and similarly for the supremum. We will not use these constructions
in the following.

3.2 Construction by gluing local data.

The spaces of di�erential forms and currents de�ned by Bloch et al. (1995) do

not have a sheaf structure. However, for the currents in D̃k,k(X), it is possible
to produce a construction rather similar to some kind of gluing construction.
We state it here in the case k = 0, as it is the only one we will need.

We denote by n the dimension of X, and we choose Z a �xed model of X as
well as an open covering Z =

⋃
a∈A Ua. Suppose that for every model ρ : X → Z

above Z, and every a ∈ A, we are given an element

α
(a)
X ∈ Zn(X0 ∩ ρ−1(Ua))

such that for all a and b in A:

(α
(a)
X )|ρ−1(Uab) = (α

(b)
X )|ρ−1(Uab). (2)

Then for a �xed X above Z, the collection of those cycles, indexed by a, glue
to an n-cycle αX ∈ Zn(X0).
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De�nition 3.4. A collection (α
(a)
X ) as above, satisfying (2), is said to be locally

compatible with pushforward if for every map

X′ X

Z

π

ρρ′

of models above Z, and for every a ∈ A, we have

(πa)0∗α
(a)
X′ = α

(a)
X , (3)

where πa is the restriction ρ
′−1(Ua) → ρ−1(Ua) of π.

Proposition 3.5. In the above situation, assume that the collection (α
(a)
X ) is

locally compatible with pushforward. Then

π0∗αX′ = αX ;

in other words, the collection (αX) de�nes a current α ∈ D̃0,0(X).

Remark. The current α de�ned in this way is independent of the choices made:

given another model Z′ with covering Z′ =
⋃
i∈I Vi, and another collection β

(i)
X

that is locally compatible with pushforward, if

α
(a)
X |ρ′−1(Vi) = β

(i)
X |ρ−1(Ua) (4)

is true for every model X above both Z and Z′, and every a ∈ A, i ∈ I, then the
currents α and β are equal.

Indeed, the set of models X above both Z and Z′ is co�nal, and on such
models, αX = βX immediately follows from (4) and the fact that the open sets
ρ−1(Ua) ∩ ρ′−1(Vi) cover X.

Proof of proposition 3.5. Let ιa (resp. ι′a) be the inclusion ρ
−1(Ua) → X (resp.

ρ′−1(Ua) → X′). Then (3) reads

(πa)0∗(ι
′
a)

∗
0αX′ = (ιa)

∗
0αX

and the �rst term may be rewritten as (ιa)
∗
0π0∗αX′ (Fulton 1998, proposi-

tion 1.7), so that for all a ∈ A,

(ιa)
∗
0 (π0∗αX′ − αX) = 0

that is

(π0∗αX′ − αX) |ρ−1(Ua)∩X0
= 0.

Since cycles are involved, and since the ρ−1(Ua) ∩ X0's cover X0, it follows
that π0∗αX′ = αX, as we wanted to show.
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Remark. Because of the canonical isomorphism between Zn(X0) and CHn(X0),

this proposition looks quite similar to the statement that D̃0,0(X) is a sheaf.
However this interpretation is not exactly true, as we had to take the open cover
on a model Z and not directly on X.

Actually, given a current α ∈ D̃0,0(X) and an open set U ⊆ X, we see no
way of de�ning the restriction α|U in a natural way.

Note also that a similar statement holds, using the same proof, if we instead

choose α
(a)
X to be a (n− k)-cycle. The current α thus obtained obtained is then

an element of D̃k,k(X). But since Zk(X0) → CHk(X0) is not an isomorphism
anymore when k ≥ 1, the interpretation in terms of �sheaf gluing� strays even
further. We will only use the case k = 0 in the following.

4 Bost-Gillet-Soulé formula: statement and proof

We prove in this section the analog of Bost et al. (1994, �1.2.3) in our non-
archimedean setup. We will use the following convention: given F a vector
bundle on X, we denote by P(F ) = Proj(SymF∨) its projectivization and
by OF (1) the twisting sheaf on P(F ).

4.1 Setup and statement

Let X be a proper smooth variety over K, of pure dimension n, and Z a proper
closed subset of X. We will assume until the end that there exists a vector
bundle F of rank r on X, and a global section σ of F , which is regular, and
such that Z is the zero-set of σ. Note that by the regularity hypothesis, Z has
codimension r everywhere in X.

Let I be the ideal sheaf in OX de�ning Z, π : X̃ → X the blow-up of X
along Z, and E the exceptional divisor.

The global section σ induces a surjective morphism F∨ ↠ I, hence a sur-
jection

Sym(F∨) ↠ Sym(I) =
⊕
k

Ik

and thus a closed immersion f : X̃ ↪→ P(F ). This immersion satis�es

f∗OF (1) = I · OX̃ = OX̃(−E). (5)

Now let us choose a metric F on F , in the sense of de�nition 2.1. Then using
de�nition 2.3 we endow OF (−1) and QF := p∗F/OF (−1) with the induced met-
ric and the quotient metric, respectively. In view of (5), we also endow OX̃(E)
with a metric by pulling back the metric from OF (−1).

Theorem 4.1. In the situation as above, denote by s the canonical section
of OX̃(E).

We de�ne a current Λ ∈ D̃r−1,r−1(X) by

Λ = π∗(divv(s) ∧ f∗cr−1(QF )).
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Then we have the following equality of currents:

ddcΛ + δZ = [cr(F )].

In particular Λ is a Green current for Z.

4.2 Blow-up and models

Before proving the theorem in the next part, we will �rst explain in this part
how to construct models X̃ of X̃ that will suit our needs.

Let us �x a model X of X compatible with the metric. Possibly after multi-
plying σ by an appropriate power of the uniformizer of R, the section σ extends
to a global section σ̃ of FX (see the remark after proposition 2.6), and doing so
is harmless as it does not change the closed subset Z of X.

Choose an open covering X =
⋃
a∈A Ua which trivializes FX. For every a

in A, let (ε
(a)
k )1≤k≤r be a local frame of FX over Ua, then the extension σ̃

decomposes locally as σ̃|Ua =
∑
f
(a)
k ε

(a)
k , with f

(a)
k ∈ OX(Ua).

De�nition 4.2. Let J be the sheaf ideal in OX locally de�ned on Ua by

J|Ua
= (f

(a)
1 , . . . , f (a)r ).

We de�ne X̃ = BlJ X, and we write u for the blow-up map.

One �rst thing to note is that X̃ is a model of X̃. Indeed, by de�nition, the

ideal IZ of Z inside X is locally de�ned by the images of the f
(a)
i under the

map OX 7→ OX ⊗R K ∼= OX , therefore X̃⊗R K ∼= X̃.
Furthermore, as was the case on X, the section σ̃ on X induces a surjection

Sym(F∨
X ) ↠

⊕
J n, and therefore a closed immersion g : X̃ ↪→ P(FX). We

write q for the projection P(FX) → X, and i, j and j′ for the respective inclusion

of special �bers in X, X̃ and P(FX).
We summarize the notation about these models in the following commutative

diagrams (the map q0 is omitted for readability reasons only):

P(F ) P(FX)0 P(FX)

X̃ X̃0 X̃

X X0 Xi

j

j′

π

f

p

u

g

q

u0

g0

(6)

Remark. Even though the sequence de�ning σ on X is regular, there is no

reason for the sequence (f
(a)
i )1≤i≤r to be regular on the model X.

Furthermore, note that we only have the inclusion J ⊆ IZ := u−1(IZ), and
in general the closed subset de�ned by J will be bigger than Z , as it may have
other irreducible components in the special �ber.
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4.3 Proof of theorem 4.1

We now move on to the proof of our analog of Bost-Gillet-Soulé formula. First,
using lemma 1.4 and the Poincaré-Lelong equation (proposition 2.6) we obtain

ddcΛ = ddcπ∗
(
divv(s) ∧ f∗cr−1(QF )

)
= π∗

(
(ddc divv(s)) ∧ f∗cr−1(QF )

)
= π∗

(
([c1(OX̃(E))]− δE) ∧ f∗cr−1(QF )

)
. (7)

First, recall from (5) thatOX̃(E) = f∗OF (−1), and that the metric onOX̃(E)
was de�ned to be the pullback of the metric on OF (−1). Therefore using
lemma 1.5:

[c1(OX̃(E))] ∧ f∗cr−1(QF ) = [f∗c1(OF (−1)) ∧ f∗cr−1(QF )].

Using lemma 2.4 applied to the exact sequence

0 → f∗OF (−1) → π∗F → f∗QF → 0,

we get

[c1(OX̃(E))] ∧ f∗cr−1(QF ) = [π∗cr(F )]

and thus

π∗

(
[c1(OX̃(E))] ∧ f∗cr−1(QF )

)
= [cr(F )] (8)

by the projection formula 1.3.

Now we compute the second term π∗(δE ∧ f∗cr−1(QF )) appearing in (7).
We start by noting that using lemma 2.4, we have

c•(QF ) = c•(p
∗F ) · (1− c1(OF (1)))

−1 = c•(p
∗F )

∑
k≥0

c1(OF (1))
k.

This implies the following decomposition of the Chern forms of QF : for all l ≥ 0,

cl(QF ) =

l∑
k=0

cl−k(p
∗F ) ∧ c1(OF (1))

k. (9)

Applying with l = r − 1 gives

π∗(δE ∧ f∗cr−1(QF )) = π∗

(
δE ∧

r−1∑
k=0

π∗cr−1−k(F ) ∧ f∗c1(OF (1))
k

)

=

r−1∑
k=0

cr−1−k(F ) ∧ π∗
(
δE ∧ f∗c1(OF (1))

k
)

(10)
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by the projection formula. Let 0 ≤ k ≤ r − 1, and X a model of X. We will
compute π∗(δE ∧ f∗c1(OF (1))

k) on models, using the model X̃ of X̃ de�ned
in 4.2, and using notation as in diagram (6).(

π∗
(
δE ∧ f∗c1(OF (1))

k
))

X
= u0!

(
j∗E−1

X̃
(E) · g∗0c1

(
(j′)∗OFX

(1)
)k)

= i∗u!

(
E−1

X̃
(E) · g∗c1

(
OFX

(1))k
))

by Fulton (1998, (A13) p. 323) and lemma 1.1. And using commutativity of
bivariant Chow rings (�1.2), as well as lemmas 1.2 and 1.1, we obtain(

π∗
(
δE ∧ f∗c1(OF (1))

k
))

X
= i∗q!g!

(
g∗c1

(
OFX

(1)
)k · E−1

X̃
(E)

)
= i∗q!

(
c1
(
OFX

(1)
)k · E−1

P(FX)(g∗E)
)
.

We now make use of the following lemma, whose proof crucially uses the
hypothesis of regularity of the section σ:

Lemma 4.3. In the above situation, we have g∗E = q∗Z .

Let us �rst �nish proving the theorem. By the above lemma, we have

EX

(
q!
(
c1(OFX

(1))k · E−1
P(FX)(g∗E)

)
= q∗

(
c1(OFX

(1))k ∩ q∗Z
)

= sk−(r−1)(FX) ∩ Z.

Here sk−(r−1)(FX) is the (k − (r − 1))-Segre class of FX. But k − (r − 1) ≤ 0,
therefore from Fulton (1998, proposition 3.1.(a)) follows

sk−(r−1)(FX) ∩ Z =

{
Z if k = r − 1

0 otherwise.

Hence,

(
π∗(δE ∧ f∗c1(OF (1))

r−1)
)
X
=

{
i∗E−1

X Z = (δY )X if k = r − 1

0 otherwise.
(11)

Consequently, (10) now becomes π∗(δE ∧ f∗cr−1(QF )) = δY , and putting this
together with (8) inside (7), we �nally obtain

ddcΛ = [cr(F )]− δY .

We have now completed the proof of theorem 4.1, and all that remains is to
prove lemma 4.3.

Proof of lemma. We will actually prove that the image of E under the inclu-
sion X̃ ↪→ P(FX) is exactly q−1(Z ). That is, if we write IZ and IE for
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the ideal sheaves of Z and E respectively, we will show that the surjection
ψ : Sym(F∨

X ) ↠ OX̃ described in section 4.2 induces an isomorphism

Sym(F∨
X )
/
IZ Sym(F∨

X )
∼−→ OX̃

/
IE .

We do this locally, so we may assume that X = SpecA, that F∨
X trivializes

as
⊕r

i=1A · xi and that the extension of σ to X decomposes as (f1, . . . , fr),
with fi ∈ A. Then X = Spec(A ⊗ K), and the open immersion X → X
is induced by the canonical map w : A → A ⊗ K. Furthermore we have a
canonical identi�cation Sym(F∨

X ) ≃ A[x1, . . . xr]. The situation is summarized
in the following commutative diagram:

A[x1, . . . , xr] OX̃

(A⊗R K)[x1, . . . , xr] OX̃ ⊗R K = OX̃

ψ

w w

φ

The vertical arrows are induced by w : A→ A⊗K and are still denoted by w.

In this situation, the ideal de�ning Z is IZ = (w(f1), . . . , w(fr)) ⊆ A ⊗K,
and because this sequence is regular, the ideal de�ning E is IE = IZ · OX̃
(Fulton 1998, lemma A.6.1). Moreover, again by regularity of the sequence
de�ning Z, the kernel of the bottom map φ is exactly the ideal generated by
the xiw(fj)− xjw(fi), for 1 ≤ i, j ≤ r.

The ideal IZ of Z in X is de�ned to be w−1(IZ) ⊆ A, and similarly,
IE = w−1(IE) ⊆ OX̃. Therefore we want to show that the top map ψ of
the previous diagram induces an isomorphism

ψ : A/IZ [x1, . . . , xr]
∼−→ OX̃/IE .

First, if P is an element of IZ [x1, . . . , xr], then w(P ) ∈ IZ [x1, . . . , xr],
hence w(ψ(P )) = φ(w(P )) is in IZ · OX̃ = IE , that is, ψ(P ) ∈ IE . This

shows that ψ is well-de�ned.

The surjectivity of ψ is ensured because ψ is surjective; so let us show the
injectivity of ψ. Take P ∈ A[x1, . . . , xr] and suppose ψ(P ) ∈ IE . Then w(ψ(P ))
is in IE = IZ ·OX̃ , therefore by surjectivity of φ we can chooseQ ∈ IZ [x1, . . . , xr]
such that φ(Q) = w(ψ(P )).

But then w(P ) − Q is in the kernel of φ, and this kernel being gener-
ated by the (xiw(fj) − xjw(fi)), it is included in IZ [x1, . . . , xr]. Therefore
w(P ) ∈ IZ [x1, . . . , xr], ie P ∈ IZ [x1, . . . , xr], thus proving the injectivity.

This concludes the proof of the lemma, and hence completes the proof of
theorem 4.1.
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5 An explicit analog of [− log ∥σ∥2]

Now that theorem 4.1 is proved, let us investigate one di�erence between its
statement and the original complex geometry statement (theorem 0.2). In the-
orem 4.1 we made use of s, the canonical section of OX̃(E), where E is the

exceptional divisor of the blow-up π : X̃ → X along Z. Whereas in the complex
statement, the corresponding term is replaced by π∗ log ∥σ∥2.

This is justi�ed by the following fact : in a complex setup, we have π∗σ = s
(Bost et al. 1994, �1.2.3). This implies in particular that

− log ∥s∥2 = −π∗ log ∥σ∥2

justifying its use in theorem 4.1. Note that this also implies the equality of
currents on X:

π∗[− log ∥s∥2] = [− log ∥σ∥2]. (12)

In the non-archimedean setup of Bloch-Gillet-Soulé, the analog of [− log ∥s∥2]
is given by the current divv(s), as explained in section 2, but there is no analog

yet of [− log ∥σ∥2] when σ is a section of a vector bundle of rank r ≥ 2.

In this section we construct a current divv(σ) ∈ D̃0,0(X) using the construc-
tions of section 3, and we show that π∗ divv(s) = divv(σ), justifying in view

of (12) the fact that divv(σ) is the right analog of [− log ∥σ∥2].
If divv(σ) were a form, then the current Λ appearing in theorem 4.1 could

be rewritten as
π∗[π

∗ divv(σ) ∧ f∗cr−1(QF )],

in good analogy with theorem 0.2. However this will not be the case in general,
as was already noted in section 2 for sections of line bundles.

To construct this current divv(σ), as in section 4.2, let us �x a model X of X
compatible with the metric, and choose an open covering X =

⋃
a∈A Ua which

trivializes FX. For every a in A, let (ε
(a)
k )1≤k≤r be a local frame of FX over Ua.

We denote by h(ab) ∈ GLr(OUab
) the induced transition function of FX from Ua

to Ub, by this we mean

(ε
(b)
1 , . . . , ε(b)r ) = (ε

(a)
1 , . . . , ε(a)r )h(ab) on Ua ∩ Ub.

For all k ≤ r and a ∈ A, we write σ|Ua
=
∑
f
(a)
k ε

(a)
k , with f

(a)
k ∈ OX(Ua).

Then by de�nition we have f (a) = h(ab)f (b) on Ua∩Ub (where we wrote f (a) for
the transpose of (f

(a)
1 , . . . , f

(a)
r )).

Lemma 5.1. For any a, b ∈ A, and for all codimension 1 closed irreducible
subscheme V of X intersecting both Ua and Ub, we have

min(ordV (f
(a)
1 ), . . . , ordV (f

(a)
r )) = min(ordV (f

(b)
1 ), . . . , ordV (f

(b)
r )).
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Proof. For all j, we have

ordV (f
(a)
j ) = ordV

(
r∑

k=1

h
(ab)
jk f

(b)
k

)
≥ min

k

(
ordV (h

(ab)
jk f

(b)
k )
)
≥ min

k

(
ordV (f

(b)
k )
)

therefore

min
k

(
ordV (f

(a)
k )

)
≥ min

k

(
ordV (f

(b)
k )
)

and the other inequality follows from symmetry.

The same holds virtually without any change for any model ρ : X′ → X

above X : we do the same computations, replacing the f
(a)
i and the h(ab) by

their respective pullback by ρ.

Therefore, the previous lemma show that the collection

inf
(
divv(f

(a)
1 )ρ−1(Ua), . . . ,divv(f

(a)
r )ρ−1(Ua)

)
∈ Zn(ρ

−1(Ua) ∩ X′
0),

satis�es condition (2) from section 3.2, and proposition 3.1 shows that it is
locally compatible with pushforward, in the sense of de�nition 3.4.

De�nition 5.2. We denote by divv(σ) the current in D̃0,0(X) obtained by
applying the gluing construction of proposition 3.5 to the above collection of
cycles.

Remark. This current is indeed independent of the choices made: if Z =
⋃
i∈I Vi

is another model with open cover trivializing FZ, then for every model X′ above
both X and Z, the vector bundle FX′ is trivialized in two di�erent ways by
pulling back the trivializations from X and Z respectively. Thus there are tran-
sition functions to go from one to the other, and the same computation as before,
together with the remark after proposition 3.5, show that the two induced cur-
rents coincide.

Remark. If F is actually a line bundle, then the current divv(σ) de�ned just
above coincide with the one previously de�ned in 2.5.

Proposition 5.3. As above, denote by E the exceptional divisor of X̃ and s
the canonical section of OX̃(E). We have the following equality of currents

in D̃0,0(X):
π∗ divv(s) = divv(σ).

Proof. We will keep the notation used in the discussion before de�nition 5.2: we
have a �xed model X, compatible with the metric, an open covering (Ua) of X
on which FX trivializes, and locally we write σ|Ua

=
∑
f
(a)
i ε

(a)
i .

It is enough to show the equality of currents on models X′ above X, as the

set of such models is co�nal. Replacing the f
(a)
i by their pullback and the Ua by

their inverse image, we can assume that X′ = X, that is we only need to show

(π∗ divv(s))X = (divv σ)X in Zn(X0).
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Denote by ιa the inclusion Ua → X. Since cycles are involved, and since
the Ua ∩ X0's cover X0, it is enough to show that for all a ∈ A,

(ιa)
∗
0(π∗ divv(s))X = (ιa)

∗
0(divv σ)X.

Note that by de�nition,

(ιa)
∗
0(divv σ)X = inf

(
(divv f

(a)
1 )Ua

, . . . , (divv f
(a)
r )Ua

)
.

Let u : X̃ → X be the model of X̃ de�ned in 4.2: it is obtained by blowing-

up the closed subscheme of X locally de�ned by {f (a)1 = · · · = f
(a)
r = 0}.

Write Va = u−1(Ua), then we have the following commutative diagram:

Va = u−1(Ua) X̃

Ua X

ι′a

ua u

ιa

As seen in section 4.2, there is a canonical closed immersion g : X̃ ↪→ P(FX).
Since blowing-up is local, we can look at this immersion locally: the induced
map is

Sym(FX)|Ua
) ≃ OUa

[x1, . . . , xr] ↠
⊕
n

(f
(a)
1 , . . . , f (a)r )n;

therefore g identi�es Va with a closed subset of Ua × Pr−1
R , given by several

equations, among which are

f
(a)
j xk = f

(a)
k xj for 1 ≤ j, k ≤ r. (13)

On the open set Vak := Va∩{xk ̸= 0}, the equation of the exceptional divisor
(that is, the function representing the section s on this open set) is then f

(a)
k = 0.

Using equations (13), for all a ∈ A, k ≤ r we have

(divv f
(a)
j )Vak

= (divv f
(a)
k )Vak

+ (divv xj)Vak

≥ (divv f
(a)
k )Vak

hence inf
j

(
(divv f

(a)
j )Vak

)
= (divv f

(a)
k )Vak

= (divv s)Vak

and thus inf
j

(
(divv f

(a)
j )Va

)
= (divv s)Va

Applying proposition 3.1, we obtain

(ua)0∗(divv s)Va
= inf

j

(
(divv f

(a)
j )Ua

)
but we also have

(ua)0∗(divv s)Va = (ua)0∗(ι
′
a)

∗
0(divv s)X̃

= (ιa)
∗
0u0∗(divv s)X̃
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where we used (Fulton 1998, prop. 1.7) for the last equality, the map ua being
proper since it is a blow-up map.

We �nally obtain

(ιa)
∗
0(π∗ divv(s))X = (ιa)

∗
0u0∗(divv s)X̃ = inf

j

(
(divv f

(a)
j )Ua

)
.

This is precisely what we wanted to show, and this concludes the proof.

6 Levine formula and other corollaries

Let us now focus on a particular case of theorem 4.1, where the rank r vector
bundle F is of the form L⊕· · ·⊕L, with L a line bundle on X. We also assume
that the metric F splits accordingly: there exists a metric L of L such that
FX = LX ⊕ · · · ⊕ LX on compatible models.

By applying theorem 4.1 in this case, we will recover an analog of the gen-
eralized Levine formula (theorem 0.3), which in turns implies both the usual
Levine formula (when L = O(1) on X = Pn) and Martinelli formula (when
L = OX).

In this situation, the global section σ can be written as σ = (s1, . . . , sr),
with the si being global sections of L and forming a regular sequence, and the
closed subset Z is equal to {s1 = · · · = sr = 0}.

Let us still write π : X̃ → X for the blow-up of X along Z, E the exceptional
divisor and f the canonical closed immersion X̃ ↪→ P(F ). In this situation, the
projective space P(F ) can be described as follows:

P(F ) = Proj
(
Sym(

r−1⊕
k=0

L∨)
)
= Proj

(
Sym(

r−1⊕
k=0

OX) · L∨)
≃ Proj

(
Sym(

r−1⊕
k=0

OX)
)
= X ×R Pr−1

R

where the isomorphism comes from Hartshorne (1977, lemma II.7.9). Note that
modulo this isomorphism, we have

OF (1) = p∗L∨ ⊗ q∗OPr−1
R

(1) (14)

where p and q are the two projections from X × Pr−1
R . The notations are

summarized in this diagram:

X̃ X × Pr−1
K

X Pr−1
K

f

π
p

q
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As pointed out in the introduction, to state an analog of Levine formula we
need to construct the di�erential forms on the blow-up and not on X itself, as
we lack a notion of di�erential forms on proper open subsets. This is however
of little consequence, because the form ω0 appearing in the original statement
satis�es

[ω0] = π∗[f
∗q∗c1(OPr−1

C
(1))].

This allows us to state the following analog of Levine formula in our non-
archimedean setup.

Theorem 6.1. In the above situation, let s be the canonical section of OX̃(E),

and let α = π∗c1(L) and β = f∗q∗c1(OPr−1
K

(1)), they are elements of A1,1
c (X̃).

Let Λ be the current in D̃r−1,r−1(X) de�ned by

Λ = π∗

(
divv(s) ∧

r−1∑
k=0

αr−1−k ∧ βk
)
.

Then
ddcΛ + δZ = [c1(L)

r].

Proof. Using theorem 4.1, it is enough to show the two following equalities:

cr(F ) = c1(L)
r ;

f∗cr−1(QF ) =

r−1∑
k=0

αr−1−k ∧ βk.

First note that by lemma 2.4 and a straightforward induction we obtain
c•(F ) = c•(L)

r, that is, for all k ≥ 0,

ck(F ) =

(
r

k

)
c1(L)

k, (15)

which takes care of the �rst term to be computed.
Then using equation (9), we compute:

f∗cr−1(QF ) =

r−1∑
j=0

f∗p∗cr−1−j(F ) ∧ f∗c1(OF (1))
j

=

r−1∑
j=0

(
r

r − 1− j

)
αr−1−j ∧ (β − α)j using (15) and (14)

=

r−1∑
j=0

(
r

r − 1− j

)
αr−1−j ∧

j∑
k=0

(
j

k

)
βkαj−k(−1)j−k

=

r−1∑
k=0

αr−1−kβk
r−1∑
j=k

(
r

r − 1− j

)(
j

k

)
(−1)j−k

25



It remains to show that for all 0 ≤ k ≤ r − 1, the inner sum is equal to 1.
Notice that for x a formal variable,

xr−1
r−1∑
j=k

(
r

r − 1− j

)(
j

k

)
(−1)j−k =

∑
i+j=r−1
j≥k

(
r

i

)
xi
(
j

k

)
xj(−1)j−k

is the xr−1 term in the formal expression

(1 + x)r

∑
j≥k

(
j

k

)
xj(−1)j−k

 = (1 + x)r
xk

k!

∑
j≥k

j(j − 1) . . . (j − k + 1)(−x)j−k

= (1 + x)r
xk

k!

dk

dxk

∑
j≥0

(−x)j

= (1 + x)r
xk

k!

k!

(1 + x)k+1

= xk(1 + x)r−1−k.

Therefore the wanted sum is the xr−1 term of xk(1+x)r−1−k, that is, 1, as was
to be shown. This concludes the proof.

Remark. In this situation, we have an easy description of the current divv(σ):
it is equal to inf (divv(s0), . . . ,divv(sr−1)), as can be seen by unfolding the
respective de�nitions of divv(σ) and divv(si).

We conclude by stating the two following corollaries.

Corollary 6.2.

� If in the statement of theorem 6.1 we take X = PnK , with homogeneous
coordinates (xk), L = OX(1) with standard metric and sk = xk, then we
recover an analog of the usual Levine formula.

� If in the statement of theorem 6.1 we take L to be OX with trivial metric,
then α = c1(OX) = 0, and the statement becomes the following analog of
Martinelli formula:

ddcπ∗
(
divv(s) ∧ βr−1

)
+ δZ = 0.
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